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A concurrent micromechanical model for predicting nonlinear viscoelastic responses of particle reinforced polymers is
developed. Particles are in the form of solid spheres having micro-scale diameters. The composite microstructures are ide-
alized by periodically distributed cubic particles in a matrix medium. Each particle is assumed to be fully surrounded by
polymeric matrix such that contact between particles can be avoided. A representative volume element (RVE) is then
deﬁned by a single particle embedded in the cubic matrix. A spatial periodicity boundary condition is imposed to the
RVE. One eighth unit-cell model with four particle and polymer subcells is generated due to the three-plane symmetry
of the RVE. The solid spherical particle is modeled as a linear elastic material. The polymeric matrix follows nonlinear
viscoelastic behaviors of thermorheologically simple materials. The homogenized micromechanical relation is developed
in terms of the average strains and stresses in the subcells and traction continuity and displacement compatibility at the
subcells’ interfaces are imposed. A stress–strain correction scheme is also formulated to satisfy the linearized micromechan-
ical and the nonlinear constitutive relations. The micromechanical model provides three-dimensional (3D) eﬀective prop-
erties of homogeneous composite responses, while recognizing microstructural geometries and in situ material properties of
the heterogeneous medium. The micromechanical formulation is designed to be compatible with general displacement
based ﬁnite element (FE) analyses. Experimental data and analytical micromechanical models available in the literature
are used to verify the capability of the above micromechanical model for predicting the overall composite behaviors.
The proposed micromodel is also examined in terms of computational eﬃciency and accuracy.
 2007 Elsevier Ltd. All rights reserved.
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Nano or micro size particles are commonly added as ﬁllers to the polymeric constituent in order to increase
crack resistance and improve fracture toughness in composite systems (Takahashi et al., 1983; Young et al.,0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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imental works have been performed to examine constituent and microstructural parameters that govern the
eﬀective mechanical properties of the particle reinforced polymers. For polymers reinforced with microscale
spherical beads, it was found that decreasing particle sizes at constant particle volume fractions increases
the composite’s strength; while increasing volume fractions at ﬁxed particle size decrease the composite’s
strength (Leiden and Woodhams, 1974; Wong and Ait-Kadi, 1995 and Cho et al., 2006). In addition, surface
treatment on particles increases the composite’s strength due to improvement in interface adhesion (Kinloch
et al., 1985 and Wong and Ait-Kadi, 1995). On the other hand, the eﬀective moduli of the composites depend
strongly on the particle volume contents and are less inﬂuenced by the particle sizes (Wong and Ait-Kadi,
1995; Chawla et al., 2004; Yang et al., 2004 and Cho et al., 2006). These phenomena are observed for com-
posites made of rigid particle and soft matrix and also for composites having soft particle and stiﬀer matrix.
Wong and Ait-Kadi (1995) also found that the eﬀect of particle size on the composite’s failure strain is insig-
niﬁcant, while surface treatment on the particles reduce the composite’s failure strain. For composites contain-
ing nano particles, the particle size signiﬁcantly inﬂuences both the modulus and strength of the composites
(Cho et al., 2006). Furthermore, polymeric based composites often exhibit viscoelastic behaviors. Their visco-
elastic responses become more signiﬁcant under high load levels and severe environmental conditions. Limited
experimental studies have been done on the viscoelastic behaviors of particulate reinforced polymer compos-
ites (Alberola and Mele, 1996; Tsou and DelleFave, 1996; Park and Schapery, 1997 and Aniskevich and Hrist-
ova, 2000). Aniskevich and Hristova (2000) conducted four month creep tests on polyester resin reinforced
with diabase and marble spherical particles. The average volume fraction of the studied composites was
28%. Creep tests were also performed on the unreinforced polyester resin. It was shown that after the four
month testing period, the creep compliance for the polyester resin increased 400% from the one measured
at 20 h; while the diabase/polyester and marble/polyester composites compliances showed nearly 240%
increase. Park and Schapery (1997) showed signiﬁcant viscoelastic behaviors of rubber matrix having 70% par-
ticle reinforcement. It was concluded that viscoelastic responses were more pronounced at elevated
temperatures.
Two classes of analytical modeling approaches have been proposed to evaluate the eﬀective mechanical
responses of composites having various microstructural geometries and in situ material properties. The ﬁrst
class treats the overall composite system as a homogeneous medium with continuous stress and strain ﬁelds.
The constitutive material models are developed for the overall composite behaviors without recognizing
detailed microstructures and constituent properties. The second class uses micromechanical modeling concept,
which allows incorporating diﬀerent constituent microstructures and properties. Each constituent is repre-
sented by a homogeneous and continuous medium. Homogenization method based on dilute-distribution
(Eshelby, 1957), self-consistent models (Kerner, 1956; Hill, 1965; Willis, 1977 and Christensen and Lo,
1979), variational method (Hashin and Shtrikman, 1962), diﬀerential scheme (McLaughlin, 1977), and peri-
odically distributed microstructures (Aboudi, 1991) have been proposed to evaluate eﬀective elastic and inelas-
tic responses of composites. These micromechanical models are formulated with detailed stress–strain ﬁeld in
the microstructural geometries and prescribed boundary conditions, which give exact solutions of the compos-
ite responses. These micromodels are best for providing overall properties when each constituent is made of
linear elastic material. However, it is often diﬃcult to evaluate the exact solutions especially when material
nonlinearity or inelastic behaviors are also considered. Extensive reviews and formulations of micromechan-
ical models can be found in Mura (1987); Nemat-Nasser and Hori (1999) and Eroshkin and Tsukrov (1995),
which focus on predicting composite’s elastic properties. Haj-Ali and Pecknold (1996) formulated a simpliﬁed
unit-cell model, derived from periodically distributed microstructure. The unit-cell model consisted of several
constituent subcells. The micromechanical homogenization schemes were formulated in terms of the average
stress–strain relations in the subcells. For composite systems with nonlinear constitutive models in the individ-
ual constituents, stress correction schemes were added to satisfy both the micromechanical constraints and the
nonlinear constitutive equations. This linearized homogenization and corrector schemes have been success-
fully applied to model nonlinear and time-dependent behaviors of composite materials having unidirectional
and randomly oriented ﬁber reinforcement (Haj-Ali et al. 2001, 2003, 2004a).
Limited micromechanical modeling approaches have been developed for predicting eﬀective viscoelastic
behaviors of particle reinforced composites. Christensen (1969) presented closed form analytical solutions
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rigid spherical inclusions embedded in a linear viscoelastic matrix. The viscoelastic model followed the hered-
itary integral form for isotropic case. The static elastic solutions were converted directly to viscoelastic solu-
tions by replacing the elastic moduli by the viscoelastic complex moduli. Li and Weng (1993) developed
micromechanical model for predicting strain-rate sensitivity, relaxation behavior, and complex moduli of ran-
domly oriented spherical particles in a viscoelastic matrix. Linear viscoelastic behavior based on four-param-
eter Maxwell model was incorporated for the matrix. They found that the relaxation behavior of the
composite having spherical particles were more pronounced than those reinforced with other inclusion shapes.
Yang et al. (1994) used Eshelby solution (1957) to derive eﬀective elastic and viscoelastic properties of com-
posites having nonlinear constitutive model for the matrix. The simpliﬁed averaging method was applied only
for composites with rigid particles. Alberola and Mele (1996) used percolation concept to include phase inter-
action in modeling viscoelastic behaviors of polymers reinforced with spherical particles. A three concentric
phase micromechanical model was used and formulated based on the self-consistent method. The inner and
outer phases were designated for nonpercolated and percolated matrix, respectively, while the middle phase
was the ﬁller particle. Both rigid and soft particles were studied and taken as linear elastic materials. Linear
viscoelastic constitutive model was used for the polymeric phases. Experimental data on storage modulus and
loss tangent (damping factors) of glass/polystyrene composites having 15% and 50% volume fraction were
compared with the proposed micromodel. It was shown that this micromechanical model was able to incor-
porate mechanical coupling between phases at large composite volume fraction and model bond interaction at
the particle/polymer interface. Levesque et al. (2004) proposed linearized homogenization scheme for predict-
ing nonlinear viscoelastic responses of particulate reinforced composites. The homogenized micromodel of
Mori and Tanaka (1973) was used. The particle was modeled as linear elastic, while the Schapery nonlinear
viscoelastic model (1969) was applied for the matrix phase. Moreover, a detail composite FE micromechanical
model with 15 particles embedded in the polymeric matrix was generated to validate their linearized homog-
enization scheme.
Finite element (FE) methods are often used for modeling detailed microstructures of particulate reinforced
composites. The FE method allows generating composite systems having certain particle numbers with detailed
particle size and shape, easily incorporating diﬀerent constitutive material models for all the constituents, and
modeling various mechanisms between the constituents (Chen and Mai, 1998; Dommelen et al., 2002; Chawla
et al., 2004; Levesque et al., 2004 and Kari et al., 2007). In addition, unit-cell FE models have been widely gen-
erated for simulating defect and failuremechanism such as: particle/ﬁber andmatrix debonding,matrix cracking,
ﬁber breakage, void formation, etc. Simulating overall composite behaviors by incorporating detailed micro-
structuralmechanism is often computationally expensive.Moreover, it is not always necessary or possible to gen-
erate detailed microstructural geometries for evaluating overall composite behaviors.
This study formulates a simpliﬁed micromechanical model for predicting nonlinear viscoelastic responses of
polymers reinforced with solid spherical micro particles. The proposed micromechanical model links particle
and polymeric matrix responses to the homogeneous viscoelastic behaviors of composites and simultaneously
recognizes the constituent (particle and matrix) responses from the overall composite responses. The proposed
micromechanical model is developed for small deformation and is suitable for implementation in general dis-
placement based FE framework. This allows performing structural analyses and concurrently evaluating
microstructural responses. The composite microstructures are idealized by periodically distributed cubic par-
ticles in a matrix medium. A unit-cell micromodel with four particle and polymer subcells is then generated.
The nonlinear stress–temperature-dependent viscoelastic material response is attributed to the polymer sub-
cells, while the particle subcell remains linear elastic. Due to the nonlinear and time-dependent response in
the polymeric matrix, the linearized micromechanical relations will often deviate from the nonlinear constitu-
tive equations. A stress–strain correction algorithm is formulated to satisfy the micromechanical constraints
and nonlinear constitutive equations. In addition, a time-integration algorithm is developed for the nonlinear
viscoelastic matrix constituent. This integration algorithm is nested to the upper scale time-integration algo-
rithm for the unit-cell model, which is compatible with the FE structural analysis framework. The proposed
micromechanical model is veriﬁed with experimental data and analytical models available in the literature.
Finally, the capability of the proposed micromechanical model in predicting creep compliances at diﬀerent
temperatures is implemented numerically.
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A multiaxial stress dependent viscoelastic behavior for the isotropic polymeric material is presented in this
section. The Schapery (1969) nonlinear single integral model is used, which in the uniaxial stress–strain rela-
tionship is expressed aset  eðtÞ ¼ g0ðrtÞD0rt þ g1ðrtÞ
Z t
0
DDðw
twsÞ d½g2ðrsÞrs
ds
ds ð1ÞHere D0 and DD are the uniaxial instantaneous elastic and transient compliances, w is the reduced-time
(eﬀective time) given bywt  wðtÞ ¼
Z t
0
dn
aðrn; T nÞ ; w
s  wðsÞ ¼
Z s
0
dn
aðrn; T nÞ ð2ÞThe parameter g0 measures the reduction or increase in elastic compliance due to stress. The parameter g1
measures the eﬀect of stress in the transient compliance. The parameter g2 accounts for the loading rate eﬀect
on the time-dependent response. The parameter a(rt,Tt) is a time shift (interchange) factor measured with
respect to the reference stress and temperature. If the thermal eﬀects on the viscoelastic behaviors are carried
through the shift factor a(Tt) only, the thermo-rheologically simple material (TSM) is exhibited. The super-
script denotes a dependent time variable. A multiaxial (3D) constitutive relation of an isotropic material is
generated by applying Eq. (1) separately for the deviatoric and volumetric componentsetij ¼
1
2
g0ðrtÞJ 0Stij þ
1
2
g1ðrtÞ
Z t
0
DJ ðw
twsÞ d½g2ðrsÞSsijds
ds
ð3Þ
etkk ¼
1
3
g0ðrtÞB0rtkk þ
1
3
g1ðrtÞ
Z t
0
DBðw
twsÞ d½g2ðrsÞrskk
ds
ds ð4ÞThe parameters J0 and B0 are instantaneous elastic shear and bulk compliances, respectively. The terms DJ
and DB are the time-dependent shear and bulk compliances, respectively. A series of exponential functions
(Prony series) is used for the transient part due to the advantage of this representation in solving the integral
form in Eqs. (3) and (4) recursively. The nonlinear parameters of the multi-axial behaviors are modeled as a
function of current eﬀective stress rt. The Poisson’s ratio, m, is assumed to be time independent, which allows
expressing the shear and bulk compliances asJ 0 ¼ 2ð1þ mÞD0; B0 ¼ 3ð1 2mÞD0
DJw
t ¼ 2ð1þ mÞDDwt ; DBwt ¼ 3ð1 2mÞDDwt ð5Þwhere the uniaxial transient compliance is expressed asDDw
t ¼
XN
n¼1
Dnð1 exp½knwtÞ ð6ÞIt is noted that Eqs. (1), (3) and (4) are a non-standard form, as the general nonlinear constitutive models
are often based on deformation histories. However, in the linearized viscoelastic models, stress and strain
based constitutive equations are interchangeable. Moreover, it has been shown by Rajagopal and Srinivasa
(2005) that Eq. (1) is suitable for small deformation problems. A recursive-iterative numerical algorithm is
used for solving the nonlinear viscoelastic model in Eqs. (3) and (4). The algorithm is derived based on implicit
stress integration solutions within a general displacement based FE structural analyses for small deformations
and uncoupled thermo-mechanical problems. This algorithm will be integrated to the unit-cell model of the
particulate reinforced composites and implemented for the matrix subcells. Detail recursive-iterative algorithm
for the nonlinear viscoelastic behaviors is presented in Haj-Ali and Muliana (2004b). The constitutive model in
Eq. (1) can be extended to include temperature-dependent material parameters within the context of thermo-
rheologically complex materials (TCM). The numerical algorithm for the nonlinear viscoelastic behaviors of
TCM is presented in Muliana and Khan (submitted for publication).
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A linearized micromechanical model and corrector schemes are presented for modeling nonlinear time-
dependent responses of polymer composites having solid spherical reinforcements. The solid spherical parti-
cles are made of linear elastic materials and are assumed to have the same size throughout the composites. The
nonlinear time-dependent constitutive model is attributed to the polymeric matrix. Fig. 1 illustrates composite
microstructure having randomly distributed solid spherical particles in the polymeric matrix. The composite
microstructures are idealized with periodically distributed arrays of cubic particles in x1, x2, and x3 axes of the
Cartesian coordinate. This geometry representation is similar to the one proposed by Aboudi and co-authors
(1996) for composites with non-uniform ﬁber spacing. It is assumed that each particle is fully surrounded by
polymeric matrix and direct contact between particles is avoided. A composite representative volume element
(RVE) is deﬁned by a cubic particle embedded in the center of the matrix phase with cubic domain. A spatial
periodicity boundary condition is imposed to the RVE. Therefore, the overall responses calculated from the
current micromodel recognize the existence of nearby particles, which diﬀer from the ones of the dilute solu-
tion (Eshelby, 1957). It is also assumed that the material microstructures before and during deformation
remain unchanged. Although the material microstructures often change during the deformations; however,
this study deals with small deformations and does not include crack or damage growth. Therefore, the eﬀect
of microstructural changes on the average macrostructural responses is assumed to be insigniﬁcant and can be
neglected. The proposed micromechanical model is best for estimating composite response having low to med-
ium volume fractions, in which the eﬀects of contact between particles are negligible. A one eighth unit-cell
consisting of four subcells is modeled due to the three-plane symmetry of the RVE. The ﬁrst subcell is aFig. 1. Representative unit-cell model for the particulate reinforced polymers.
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enization is developed in terms of the average strains and stresses in the subcells. Perfect bond is assumed at
the subcell’s interface. The traction continuity and displacement compatibility at the subcells’ interfaces are
imposed. The micromechanical relations provide equivalent homogeneous material responses from the heter-
ogeneous microstructures and simultaneously predict behaviors of the individual constituents from the overall
composite responses. The two-ways micro-macro mechanical relations refer to a concurrent micromechanical
model.
3.1. Linearized micromechanical relations
The eﬀective properties of a heterogeneous medium can be approximated using volume averaged of indi-
vidual constituents. The average stresses and strains are deﬁned byrij ¼ 1V
Z
V
rijðxkÞdV ; i; j ¼ 1; 2; 3 ð7Þ
eij ¼ 1V
Z
V
eijðxkÞdV ð8ÞAn overbar indicates eﬀective material quantities. The small deformation strain is expressed by
eij ¼ 12½ui;j þ uj;i, where ui is the component of the displacement tensor. The average stresses and strains rep-
resent the stresses and strains (at the macro level) of the ﬁctitious homogeneous media that are related by com-
posite eﬀective stiﬀness or compliancesrij ¼ Cijklekl ð9Þ
eij ¼ Sijklrkl ð10ÞThe micromehanical formulation provides composite eﬀective stiﬀness and compliances. Following Haj-Ali
and Pecknold (1996), in a heterogeneous periodic medium, a basic unit-cell that represents geometrical and
material characteristics can be deﬁned. Each unit-cell is divided into a number of subcells and the spatial var-
iation of the displacement ﬁeld in each subcell is assumed such that the stresses and deformations are spatially
uniform. Traction continuity and displacement compatibility at an interface between subcells are satisﬁed in
an average sense. Thus, the average stresses and strains in the unit-cell model are deﬁned byrij ¼ 1V
XN
a¼1
Z
V ðaÞ
rðaÞij ðxðaÞk ÞdV ðaÞ ¼
1
V
XN
a¼1
V ðaÞrðaÞij ð11Þ
eij ¼ 1V
XN
a¼1
Z
V ðaÞ
eðaÞij ðxðaÞk ÞdV ðaÞ ¼
1
V
XN
a¼1
V ðaÞeðaÞij ð12ÞThe superscript denotes the subcell number and N is the number of subcells. The stress rij
(a) and strain eij
(a)
are the average stress and strain within each subcell. The unit-cell volume V isV ¼
XN
a¼1
V ðaÞ ð13ÞThe stresses and strains in each subcell can be expressed in terms of phase average concentration factors,
which was proposed by Hill (1965). The concentration factor relates the global average (macro) quantities to
the local (micro) quantities. It is often convenient to formulate stress-concentration matrix if the stresses are
prescribed at the macro level. Otherwise, if the macrostrains are known, it is preferable to deﬁne strain-con-
centration matix. In this study, the micromechanical model is designed to be compatible with displacement
based FE structural analyses, in which the eﬀective strain e is the independent variable. Thus, the subcell
strain-interaction matrix (B(a)), which relates the subcell average strains, e(a), to the unit-cell average strain,
e, is
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Substituting Eq. (14) to (12) giveseij ¼ 1V
XN
a¼1
V ðaÞBðaÞijklekl ð15ÞEq. (15) must hold for an arbitrary average strain e, which requires the following relations be satisﬁed1
V
XN
a¼1
V ðaÞBðaÞijkl ¼ dikdjl ð16Þwhich also implies thatXN
a¼1
V ðaÞðBðaÞijkl  dikdjlÞ ¼ 0 ð17ÞUsing the strains deﬁned in Eq. (14), the constitutive equation for each subcell can be expressed asrðaÞij ¼ CðaÞijkleðaÞkl ¼ CðaÞijklBðaÞklrsers ð18Þ
where C(a) is the stiﬀness matrix of the subcell. Substituting Eq. (18) into (11) gives:rij ¼ 1V
XN
a¼1
V ðaÞCðaÞijklB
ðaÞ
klrsers ð19ÞComparing Eqs. (9) and (19), the unit-cell eﬀective stiﬀness matrix C is determined byCij ¼ 1V
XN
a¼1
V ðaÞCðaÞijklB
ðaÞ
klrs ð20ÞUp to this point, the strain interaction matrices B(a) have not been determined. In order to derive the strain-
interaction matrices for all subcells, the micromechanical relations together with subcells constitutive material
models must be imposed.
The micromechanical model of solid spherical particle reinforced composites is represented by a unit-cell
model with four subcells, as illustrated in Fig. 1. The total volume V of the unit-cell is taken as one. The vol-
ume of the subcell 1, which is model as a cube of edge length b, represents the particle volume fraction of the
composite systems. Thus, the magnitude of b is always less than one. The volumes of the four subcells are then
expressed asV ð1Þ ¼ b3; V ð2Þ ¼ b2ð1 bÞ; V ð3Þ ¼ bð1 bÞ; V ð4Þ ¼ ð1 bÞ ð21Þ
The micromechanical relations within the four subcells in Fig. 1 are derived by assuming perfect bond along
the interfaces of the subcells. Thus, displacement compatibility and traction continuity at the subcells’ inter-
face should be satisﬁed. The three-plane symmetry of the RVE makes it possible for interchanging the prin-
cipal axes in formulating the stress–strain quantities, as illustrated in Fig. 2(a). The homogenized stress–strain
relations within the subcells can be illustrated by the spring mechanical analog models, shown in Fig. 2(b).
Each spring constant refers to the mechanical property of each subcell. In the case of both particle and matrix
are isotropic, the outcome of the homogenized micromechanical model is also isotropic. The homogenized
strain relations are summarized in the following equations:e11 ¼ 1
V ð1Þ þ V ð2Þ V
ð1Þeð1Þ11 þ V ð2Þeð2Þ11
h i
¼ eð3Þ11 ¼ eð4Þ11 ð22Þ
e22 ¼ 1
V ð1Þ þ V ð2Þ V
ð1Þeð1Þ22 þ V ð2Þeð2Þ22
h i
¼ eð3Þ22 ¼ eð4Þ22 ð23Þ
e33 ¼ 1
V ð1Þ þ V ð2Þ V
ð1Þeð1Þ33 þ V ð2Þeð2Þ33
h i
¼ eð3Þ33 ¼ eð4Þ33 ð24Þ
Fig. 2. Homogenization schemes idealized with mechanical analog models. (a) Isotropic unit-cell model. (b)Micromechanical analog for
stress–strain homogenization schemes.
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c13 ¼ V ð1Þcð1Þ13 þ V ð2Þcð2Þ13 þ V ð3Þcð3Þ13 þ V ð4Þcð4Þ13 ð26Þ
c23 ¼ V ð1Þcð1Þ23 þ V ð2Þcð2Þ23 þ V ð3Þcð3Þ23 þ V ð4Þcð4Þ23 ð27ÞThe homogenized stresses are written as:r11 ¼ V ðAÞrðAÞ11 þ V ð3Þrð3Þ11 þ V ð4Þrð4Þ11
rðAÞ11 ¼ rð1Þ11 ¼ rð2Þ11
ð28Þ
r22 ¼ V ðAÞrðAÞ22 þ V ð3Þrð3Þ22 þ V ð4Þrð4Þ22
rðAÞ22 ¼ rð1Þ22 ¼ rð2Þ22
ð29Þ
r33 ¼ V ðAÞrðAÞ33 þ V ð3Þrð3Þ33 þ V ð4Þrð4Þ33
rðAÞ33 ¼ rð1Þ33 ¼ rð2Þ33
ð30Þ
s12 ¼ sð1Þ12 ¼ sð2Þ12 ¼ sð3Þ12 ¼ sð4Þ12 ð31Þ
s13 ¼ sð1Þ13 ¼ sð2Þ13 ¼ sð3Þ13 ¼ sð4Þ13 ð32Þ
s23 ¼ sð1Þ23 ¼ sð2Þ23 ¼ sð3Þ23 ¼ sð4Þ23 ð33Þwhere the total volume of subcells 1 and 2 in Eqs. (28)–(30) is V(A) = V(1) + V(2)
Next, the strain-interaction matrices B(a) can be formed using the strain compatibility relations in
Eqs. (22)–(27), traction continuity conditions in Eqs. (28)–(33), and the constitutive equation for each subcell.
A.H. Muliana, J.S. Kim / International Journal of Solids and Structures 44 (2007) 6891–6913 6899Six components of strains need to be determined for every subcell. Thus, total of 24 strain components will be
deﬁned, which requires to form 24 sets of equations. The ﬁrst twelve equations are formulated from the strain
compatibility equations, which are rearranged asfReg
ð121Þ
¼ ½A1
ð1224Þ
eð1Þ
eð2Þ
eð3Þ
eð4Þ
8>><
>>:
9>>=
>>;
ð241Þ
 ½D1
ð126Þ
feg
ð61Þ ð34Þwhere Re is the residual vector arising from the strain compatibility relations. In the case of linear elastic re-
sponses are exhibited for all subcells, the vector Re is automatically reduced to zero. The components of matri-
ces A1 and D1 in Eq. (34) are given in Appendix A. The second sets of equations are formed based on the
traction continuity relations. Up to this stage, the components of eﬀective stress tensor rij remain unknown,
thus, rearranging Eqs. (28)–(33) should avoid the presence of rij. The equations based on the traction conti-
nuity relations within subcells arefRrg
ð121Þ
¼ ½A2
ð1224Þ
eð1Þ
eð2Þ
eð3Þ
eð4Þ
8>><
>>:
9>>=
>>;
ð241Þ
 ½O
ð126Þ
feg
ð61Þ ð35ÞThe residual vector Rr arising from the traction continuity relations, which once again for linear elastic con-
stituents, its components are zero. The matrix O is the zero matrix and the components matrix A2 are given in
Appendix A.
The B(a) matrices in Eq. (14) are then formed using Eqs. (34) and (35), which in linearized relations are.Bð1Þ
Bð2Þ
Bð3Þ
Bð4Þ
2
6664
3
7775
ð246Þ
¼ A1
A2
 1
ð2424Þ
D1
O
 
ð246Þ
ð36ÞOnce the B(a) matrices are determined, the eﬀective homogenized stresses and stiﬀness matrix can be solved
using Eqs. (19) and (20), respectively.
3.2. Stress–strain correction algorithm
The linearized micromechanical relations are exactly satisﬁed only when all subcells exhibit linear elastic
responses. Due to the nonlinear and time-dependent response in the matrix subcells, the linearized microme-
chanical relations will usually violate the constitutive equations. The iterative corrector scheme is needed to
satisfy both the micromechanical constraints and the nonlinear viscoelastic constitutive equations, otherwise
very small time step is required to better approximate the nonlinear responses. Moreover, keeping time incre-
ments small is computationally expensive and it often leads to signiﬁcant mismatch after several incremental
steps have been performed due to the accumulated residual errors.
The micromechanical relations in Eqs. (22)–(33) are used to deﬁne trial stresses and strains for each subcell
at the beginning of time increment (backward Euler method). The nonlinear stress–strain relations and time-
dependent responses in one or more of the subcells result in nonzero residual vectors Re and Rr. To minimize
all 24 components of the residual vectors, the subcell’s stress–strain components need to be corrected. Since
the stress and strain in each subcell are related through the constitutive relations, therefore, the correction
is performed for 24 independent variables. The Newton–Raphson (NR) typed iterative method is used to ﬁnd
solutions for the chosen independent variables Xij. In this study, the components of strains in each subcell eij
(a)
are chosen as independent variables, which are
6900 A.H. Muliana, J.S. Kim / International Journal of Solids and Structures 44 (2007) 6891–6913XT ¼ feð1Þeð2Þeð3Þeð4Þgð124Þ ð37ÞThe stress components in the subcells are deﬁned as functions of independent variables Xij. The residual
vector R is then deﬁned using both Eqs. (34) and (35). These residuals are used to correct for the trial solution.
This requires deﬁning the Jacobian tensor, which are given in Eq. (38). A converged solution is achieved when
all residual vectors Re and Rr deﬁned for the micromechanical model and for the viscoelastic constitutive
equations are diminished.oRij
oXkl
¼
Cð1Þax 0 Cð2Þax 0 0 0 0 0
0 Cð1Þsh 0 C
ð2Þ
sh 0 0 0 0
0 Cð1Þsh 0 0 0 Cð3Þsh 0 0
0 Cð1Þsh 0 0 0 0 0 Cð4Þsh
f1I 0 f2I 0 0 0 0 0
0 0 0 0 I 0 0 0
0 0 0 0 0 0 I 0
0 V ð1ÞI 0 V ð2ÞI 0 V ð3ÞI 0 V ð4ÞI
2
666666666666664
3
777777777777775
ð2424Þ
f1 ¼ V
ð1Þ
V ð1Þ þ V ð2Þ ; f 2 ¼
V ð2Þ
V ð1Þ þ V ð2Þ
ð38Þwhere I and O are the 3 · 3 identity and zero matrices, Cax(a) and Csh(a) are the 3 · 3 matrices for subcell a
deﬁned in Eq. (A.3).3.3. Concurrent time-integration algorithm
The time-integration algorithm within the linearized micromechanical and corrector schemes, which are
compatible with the displacement based FE framework, are described as follows. The concurrent time-integra-
tion is needed to link the time-dependent material behavior at the matrix constituent to the viscoelastic
responses at the structural level and propagate mechanical loading at the structural level to the constituent
level. At the FE structural level, an iterative equation solution is performed for the nonlinear analyses. This
study uses ABAQUS FE code (2005) solver. Two criteria are checked in the ABAQUS iterative linear solver,
which are force residual and displacement correction. The force residual vector is deﬁned byRtF ¼ Pt  Ktut ¼ 0 ð39Þ
To achieve an equilibrium state, the external force P and internal force Ku must be equal at every time t;
where K is the structure’s stiﬀness matrix and u is the displacement solution at time t. In a nonlinear problem,
RF will only be approximating to zero. The displacement correction criterion isRtd ¼
dDut
Dut
ð40Þwhere dDut and Dut are the last displacement correction and incremental displacement vectors at current time
t, respectively.
At each structural (global) iteration within the incremental time-step Dt(m), trial incremental component of
eﬀective strain tensor Det;ðmÞij and temperature DT
t,(m) are obtained from the FE structural level. The superscript
(m) denotes global iteration counter within the current incremental time step. The goal is to calculate current
total eﬀective stresses rt;ðmÞij and eﬀective consistent tangent stiﬀness C
t;ðmÞ
ijkl from given current variables and his-
tory variables stored from the previous converged solution at time (t  Dt). The history variables result from
solving the time-dependent integral form in the polymeric subcells in a recursive-iterative manner. The
converged Ct;ðmÞijkl after M global iteration at the current time t will be used to provide incremental trial strains
for the next time step (t + Dt). The linearized predictor and corrector schemes for the micromodel are given by
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t,(m); Dt(m); rtDtij ; e
tDt
ij ;T
tDt; HisttDt
m = global iteration counter
Calculate: et;ðmÞij ¼ etDtij þ Det;ðmÞij ; T t;ðmÞ ¼ T tDt þ DT t;ðmÞ
2. Initial approximation variables:BðaÞ;t;trijkl ¼ BðaÞ;t;trijkl ðrtDtij ; T tDt;HisttDtÞ; a ¼ 1; 2; 3; 4
eðaÞ;t;trij ¼ BðaÞ;t;trijkl et;ðmÞkl ; rðaÞ;t;ð0Þij ¼ CðaÞ;t;trijkl eðaÞ;t;trkl3. Iterate for k = 1,2,3 . . . (k = local iteration counter)Calculate : CðaÞ;t;ðkÞijkl ¼ CðaÞ;t;ðkÞijkl ðrðaÞ;t;ðkÞij ; T t;ðmÞÞ; BðaÞ;t;ðkÞijkl ¼ BðaÞ;t;ðkÞijkl ðrðaÞ;t;ðkÞij ; T t;ðmÞÞ ð41ÞDeﬁne: X t;ðkþ1Þij ¼ X t;ðkÞij þ
oRt;ðkÞij
oXkl
 1
Rt;ðkÞkl , R
t;ðkþ1Þ
ij ; r
t;ðkþ1Þ
ij ; C
t;ðkþ1Þ
ijkl using Eqs. (34), (35), (19) and (20).
IF jjRt;ðkþ1Þij jj 6 Tol THEN GOTO 4 and EXIT
ENDIF GOTO 3
4. Update: rt;ðmÞij  rt;ðkþ1Þij ; Ct;ðmÞijkl  Ct;ðkþ1Þijkl ; Histt
Due to the uncoupled thermo-mechanical problems, the trial incremental temperature is directly linked to
the incremental time step. In the case of temperature loading is incorporated, the diﬀerent coeﬃcients of ther-
mal expansion between particle and matrix will cause residual stresses. The above stress correction algorithm
is derived to satisfy total stress and strain compatibility relations that include mechanical and thermal eﬀects.
It should be noted that the thermorheologically simple materials (TSM) model, in Eq. (1), incorporate the
eﬀect of temperature on the material viscoelastic responses through the time-shift factor. The procedure in
Eq. (41) is performed at every material (Gaussian) integration point within elements at each structural itera-
tion. The goal is to achieve global (structural), micromechanical (material), and constituent (nonlinear visco-
elastic matrix) convergence simultaneously. Thus, an eﬃcient and accurate numerical algorithm for solving the
constitutive material model becomes necessary.
The concurrent micromechanical model allows providing composite eﬀective properties from the properties
of individual constituents and simultaneously recognizing responses of the individual constituents from the
composite responses. The proposed micromechanical model can be easily coupled with diﬀerent constitutive
material models, which is suitable for integration within a multi-scale material framework.4. Numerical implementation and veriﬁcation
The capability of the proposed micromechanical model in predicting eﬀective elastic and viscoelastic
behaviors is presented. The proposed micromechanical model is implemented in a 3D continuum element
using a material subroutine of ABAQUS FE code (2005). Available analytical and experimental works in
the literature on elastic and viscoelastic responses of solid spherical particle reinforced composites are used.
A parametric study is ﬁrst performed to examine the sensitivity of the simpliﬁed micromechanical model in
predicting overall composite behaviors. For this purpose, detailed FE meshes of two composite’s represen-
tative volume elements (RVE) are generated, as shown in Fig. 3. The ﬁrst RVE represents a dilute distri-
bution and the second RVE represents periodically distributed spherical inclusions. Micromechanical
models of Dvorak and Srinivas (1999) and Mori and Tanaka (1973) are also used to verify the eﬀective elas-
tic properties calculated using the proposed micromodel. Next, the calculated composite’s linear and non-
linear elastic responses are compared with experimental data of Cho et al. (2006). The capability of the
micromodel in predicting nonlinear viscoelastic responses is veriﬁed with the analytical micromechanical
and FE models reported by Levesque et al. (2004) and creep data of Aniskevich and Hristova (2000). Con-
vergence behaviors at the macrostructural (global), microstructural, and constituent levels are also examined
during the nonlinear analyses. Finally, numerical analyses of creep behaviors of the composite systems at
diﬀerent temperatures are performed.
Fig. 3. Representative cubic volume elements with (a) single inclusion and (b) multiple inclusions. Detailed FE meshes are generated for
both representative volume elements. Symmetric boundary conditions are imposed on the three symmetry planes. (a) Micromodel with a
single inclusion embedded in a matrix medium (b) Micromodel with multiple inclusions embedded in a matrix medium.
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The eﬀective elastic properties calculated from the simpliﬁed micromechanical model are ﬁrst compared
with the ones obtained from FE analyses of the detailed RVEs. Two composite’s RVEs, shown in Fig. 3,
are considered. FE meshes of the cubic RVEs having spherical inclusions are generated using 3D continuum
elements (C3D20), which are also shown in Fig. 3. The ﬁrst RVE contains only one particle that resembles a
dilute distribution. The second RVE contains a total of two particles, one particle is placed in the middle and a
total of eight one-eight particles are placed at the corners of the cubic RVE. Elastic properties for the particle
and matrix are given as Ep = 70 GPa, mp = 0.25, Em = 3.5 GPa, and mm = 0.35. Comparisons of the eﬀective
Young’s modulus, shear modulus, and Poisson’s ratio for several volume fractions are given in Fig. 4. It
can be seen that the elastic properties obtained from the dilute distribution show large deviations from the
ones of the proposed micromechanical model as the volume fraction increases. Good correlations are shown
between the elastic properties from the proposed micromechanical model and the ones of the RVE with multi-
ple spherical inclusions. Imposing periodic boundary conditions allows the unit-cell model to recognize the
existence of the neighboring particles. The RVE with multiple spherical inclusions is generated only up to
65% volume fraction since beyond this value the particles are in contact and are not fully surrounded by
polymers.4.2. Elastic responses
The eﬀective elastic properties of composites with several particle volume fractions (0–100%) generated
using the proposed micromechanical model are ﬁrst compared with micromechanical models of Dvorak
Fig. 4. Eﬀective composite elastic properties with various volume fractions.
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particle embedded in the aluminum matrix are used. Both particle and matrix are modeled as isotropic linear
elastic. The in situ material properties are obtained from Eroshkin and Tsukrov (1995), which are given in
Table 1. Fig. 5 presents eﬀective shear and bulk moduli for several composite volume fractions. The eﬀective
properties calculated from the proposed micromechanical model are comparable with the Dvorak–Srinivas
and Mori–Tanaka’s micromodels.
Next, the composite’s linear and nonlinear elastic responses are compared with available experimental data
of Cho et al. (2006). Cho et al. (2006) conducted tensile tests to study eﬀective elastic properties of vinylester
resin reinforced with glass bead particles. The composites consisted of micro size silicon carbide having vol-
ume fraction of 5%. The elastic properties for glass and vinylester resin are shown in Table 2. The unreinforced
vinylester resin showed nonlinear elastic responses, while the glass particle exhibited linear elastic behaviors.
Thus, the overall composite systems exhibit nonlinear elastic responses. The homogenized micromechanical
model having linear elastic glass particle and nonlinear elastic responses for the matrix is used. Only the ﬁrst
term of the constitutive model in Eq. (1) is employed for the matrix subcells. Based on the experimental data ofTable 1
Elastic properties of silicon carbide particle and aluminum matrix (Eroshkin and Tsukrov, 1995)
Constituents E (MPa) m
Silicon carbide 450,000 0.17
Aluminum 70,000 0.30
Fig. 5. Eﬀective composite (a) shear and (b) bulk moduli with various volume fractions.
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n. The coef-
ﬁcient C and power n are calibrated by ﬁtting the stress–strain function e ¼ ð1þ CrnÞ1Er with the experimental
responses. The calibrated nonlinear parameters for vinylester resin are given in Table 2. Table 3 shows com-
parisons of eﬀective initial Young’s moduli obtained from the experiment and proposed micromodel. The
modulus calculated using the proposed micromechanical model is in good agreement with the one from the
experiment with less than 1% error. The eﬀective nonlinear responses for 5% composite volume fraction
are then given in Fig. 6. Good prediction is also shown by the proposed micromodel.
Convergence behaviors at the structural, micromechanical, and constituent (matrix) levels are examined for
the nonlinear stress–strain responses generated from the proposed micromodel, illustrated in Fig. 6. The con-
vergence criteria used at the structural (macro) level follow the default criteria of the ABAQUS FE code
(2005). The residual force tolerance in Eq. (39) is set to be 5 103F , where F is the average force over time
t. The default tolerance for the displacement correction in Eq. (40) is 102. The convergence criterion at the
micromechanical level is described in Eq. (41) with tolerance of 106. Finally, the convergence at the matrix
constituent, which was presented in Haj-Ali and Muliana (2004b), isRtij ¼ Detij þ
1
3
dijDe
t
kk  Detij ð42Þwhere Det is the subcell’s incremental strain vector obtained during the iteration at the micromechanical level.
The tolerance at the matrix constituent is set to be 106. The residuals in the Eqs. (41) and (42) are deﬁned in
terms of strain and the given tolerances allow for maximum strain error to be 1 micro-strain. The maximum
Table 2
Elastic properties of glass beads and vinylester resin (Cho et al., 2006)
Constituents E (MPa) m C n
Glass bead 10,500 0.25
Vinylester 600 0.30 0.00029 1.603
Table 3
Eﬀective composite’s Young’s moduli with vf = 5%
Analysis Experiment Micromodel
E
Eresin
1.067 1.073
% error 0.6
Fig. 6. Nonlinear stress–strain relations for glass/vinylester composites (VF = 5%).
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since tightening the tolerances below these values does not change the overall responses within our numerical
values of interest, while relaxing the tolerance beyond these values causes deviations in the overall responses.
Relaxing the tolerance at any level will accumulate errors as time increases, which leads to divergence. Further
discussion regarding the eﬀects of residual values on the overall viscoelastic material responses is presented in
Haj-Ali and Muliana (2004a).
Fig. 7(a–c) illustrates the multi-level residual norm, in a logarithmic scale, for the nonlinear analyses of the
glass/vinylester composite at two stress levels: 40 and 70 MPa. The analysis is performed with variable time
increment and the maximum value of relative incremental time is 0.29 of the total time, which is comparable
to incremental stress of 20 MPa. As expected, more iteration is required to minimize residual at the higher
stress level. The convergence behaviors at the micro level, shown in Fig. 7(b), are reported during the last iter-
ation in the structural (macro) level, which are iteration numbers 2 and 3 for stress levels 40 and 70 MPa,
respectively. Similarly, the convergence behaviors at the constituent level are obtained at the last converged
step in the micro level, given in Fig. 7(c). The residual is reported from the matrix subcell number 2. It is seen
that correction algorithms are required to minimize residuals at each level. Otherwise the large residual strains
(nearly 1000 micro strain), may cause solutions at the upper level to diverge.4.3. Viscoelastic behaviors
The accuracy of the proposed micromechanical model for predicting eﬀective viscoelastic responses is also
examined using the micromechanical and FE models reported by Levesque et al. (2004) and experimental tests
Fig. 7. Multi-level convergence behaviors at two stresses during the nonlinear analyses of glass/vinylester composites (vf = 5%): (a) macro,
(b) micro, (c) constituent (polymer) levels.
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analyzing nonlinear viscoelastic responses of glass particle embedded in the polypropylene matrix. The non-
linear viscoelastic behavior, which follows the Schapery integral model, is attributed to the matrix constituent
and the particle is assumed to be linear elastic. Table 4 gives the in situ linear elastic properties. The
Table 4
Elastic properties of glass particle and polypropylene matrix (Levesque et al., 2004)
Constituents E (MPa) m
Glass 69,000 0.3
Polypropylene 2020 0.3
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reported nonlinear stress-dependent parameters for the polypropylene matrix areTable
Prony
N
1
2
3
4
5g0 ¼ 1:þ 9:19 104ðr 2:5Þ2Hðr 2:5Þ
g1 ¼ 1:þ 1:03 103ðr 15Þ2Hðr 15Þ
g2 ¼ 1:þ 7:92 103ðrÞ2
a ¼ 1:
ð43Þwhere H is the Heaviside step function.
Both the analytical and detailed FE models of Levesque et al. (2004) are used to verify the responses from
the proposed micromechanical model. Fig. 8 illustrates eﬀective stress–strain responses for composites with
particle volume fractions: 10–30% under a constant loading rate. The results from the proposed micromechan-
ical model agree very well with the analytical and detail FE models. The convergence criteria for the structural,
micromechanical, and constituent levels are similar to the ones used for the nonlinear elastic analyses, as
described above. In this case, equilibrium at the structural scale for all stress levels and volume fractions is
achieved immediately without performing any iteration. This is perhaps due to relatively low stress levels.
Convergence behaviors at the micro level for composite with volume fraction 10% is given in Fig. 9. The5
parameters for polypropylene matrix (Levesque et al., 2004)
kn (s
1) Dn · 105 (MPa1)
0.32 7.971
0.032 3.678
0.01 2.896
0.0032 7.142
0.0016 3.076
Fig. 8. Nonlinear stress–strain relations for various glass particle volume fractions.
Fig. 9. Residual error at the micro level during the analyses in Fig. 6.
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of the correction algorithm at the micro level help accelerating structural convergence. Fig. 10 compares the
eﬀective composite behaviors under several loading rates generated using the micromechanical model and the
FE model. Composite system with 20% particle volume fraction is used. Convergence problem at the macro
level has occurred during the analyses at high stress and loading rate. It should be noted that all the analyses
are performed without tightening incremental time or modifying tolerance and the default convergence criteria
in ABAQUS are used. This leads to large time increments with very tight convergence criteria, which poten-
tially causes divergence in the nonlinear analyses. To overcome the divergence, several numerical treatments
can be done such as: reducing time increments, adding more iteration, relaxing tolerance, using diﬀerent
numerical solver, and so on. However, the main goal of this study is to present the micromechanical relations
and issues regarding convergence will be discussed somewhere else.
Next, long term creep data (4.1 months) on polyester resin reinforced with diabase and marble spherical
particles, reported by Aniskevich and Hristova (2000), are also used to validate the proposed micromodel.
The diabase and marble reinforcements are made of linear elastic materials and the polyester resin follows
a linear viscoelastic response. The linear elastic properties of the constituents are given in Table 6. The
measured composites’ volume fractions were 0.28 ± 0.08. . ., which indicate large variability. The composites’Fig. 10. Eﬀect of loading rate on nonlinear stress–strain relations.
Table 6
Elastic properties of diabase and marble particles and polyester resin (Aniskevich and Hristova, 2000)
Constituents E (MPa) m
Diabase 88,000 0.26
Marble 440,000 0.25
Polyester 5800 0.35
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experimental tests are presented in Table 7. It is seen that the micromodel with upper bound volume fraction
gives closer prediction of the eﬀective modulus for the diabase/polyester systems. The modulus for the marble/
polyester system is predicted with a lower bound volume fraction of 0.2. The linear viscoelastic behavior for
the polymeric resin is then calibrated using the reported creep data of unreinforced polyester resin, shown in
Fig. 11. The calibrated Prony parameters are given in Table 8. Finally, micromodel predictions of the com-
posite’s long-term (4.1 months) transient compliances are illustrated in Fig. 12. The volume fractions of
0.36 and 0.2 are used for diabase/polyester and marble/polyester composites, respectively. Good agreement
with the experimental tests of Aniskevich and Hristova (2000) is shown for both diabase/polyester and mar-
ble/polyester systems. Once again, all the analyses are performed without controlling incremental time or
relaxing tolerance and the default convergence criteria in ABAQUS are used. In this case, the maximum incre-
mental time during the analyses is 2000 h. Fig. 12 also presents the long-term responses of diabase/polyester
from the proposed micromodel without iterative correction scheme at the micro level. It is seen that using only
linearized micromechanical relations lead to signiﬁcant mismatch in predicting long-term material responses.Table 7
Eﬀective Young’s moduli for diabase/polyester and marble/polyester systems
Composites Eﬀective Young’s modulus (MPa)
Micromodel Experiment
Diabase/polyester with vf
0.28  0.08 8200 11,000 ± 1000
0.28 9700
0.28 + 0.08 11,600
Marble/polyester with vf
0.28  0.08 8500 9800 ± 1200
0.28 10,300
0.28 + 0.08 12,700
Fig. 11. Long term creep compliance for polyester resin.
Table 8
Prony parameters for polyester resin
N kn (h
1) Dn · 105 (MPa1)
1 1. 4.5
2 101 3.0
3 102 5.4
4 103 7.6
5 104 16.0
6 105 22.0
7 106 25.0
Fig. 12. Long term creep compliance for polyester reinforced composites.
Fig. 13. Creep compliances for diabase/polyester reinforced composites at diﬀerent temperatures.
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ester system. The purpose of this study is to show the capability of the micromechanical model in incorporating
temperature dependent material properties for the polymeric constituent. The thermo-mechanical viscoelastic
behavior of the polymers follows the thermorheologically simple materials (TSM), in which the temperature
eﬀect is carried through the time shift factor. In this study, the temperature shift factor is assumed to be
A.H. Muliana, J.S. Kim / International Journal of Solids and Structures 44 (2007) 6891–6913 6911aT ¼ exp 13:7 T T 0T 0
 0:985" #
;where To = 303 K and the unit temperature is in Kelvin. The above shift factor is taken from Harper and
Weitsman (1985). Fig. 13 presents creep compliances of diabase/polyester systems at diﬀerent temperatures.
It is seen that the compliances increase with increasing temperature due to the parameter aT.5. Conclusion
A nonlinear viscoelastic micromechanical model of solid spherical particle reinforced composite is devel-
oped. The composite systems are idealized by periodically distributed cubic particles in a nonlinear viscoelastic
medium. Each particle is assumed to be fully surrounded by matrix medium and the eﬀects of contact between
particles are not considered. A unit-cell model with four particle and polymer subcells is generated. The micro-
mechanical relations are formulated in term of the average strains and stresses that satisﬁes traction continuity
and displacement compatibility at an interface between subcells. The concurrent micromechanical homogeni-
zation schemes show the capability to provide equivalent homogeneous material responses from the hetero-
geneous microstructural properties and simultaneously recognize behaviors of the individual constituents
from the overall composite responses. Moreover, the simpliﬁed micromechanical model can be easily coupled
with diﬀerent constitutive material models, which is suitable for integration within a multi-scale material
framework.Acknowledgement
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ðA:2ÞwhereCax ¼
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C3311 C3322 C3333
2
64
3
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0 C1313 0
0 0 C2323
2
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3
75 ðA:3Þ
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